We examine the 1 i m i t s t o m u l t i p a t h t i m e d e l a y r e s o l u t i o n f o r b r o a d b a n d random s i g n a l s . We f i r s t d e r i v e
o t h t w o path and t h r e e p a t h c a s e s t o e s t a b l i s h b a s e l i n e performance for unbiased estimation.
We then compare t h e bounds with computer simulation. For the two path case we implement a maximum l
i k e l i h o o d e s t i m a t o r w h i l e f o r t h e t h r e e p a t h case we e s t i m a t e t h e d e l a y s u s i n g t h e M o d i f i e d Forward Backward L i n e a r P r e d i c t i o n a l g o r i t h m d e v e l o p e d f o r h i g h r e s o l u t i o n f r e q u e n c y e s t i m a t i o n . I t i s shown t h a t b o t h t e c h n i q u e s achieve performance close to
the Cramer-Rao bound.
INTRODUCTION M u l t i p a t h p r o p a g a t i o n , i n w h i c h
one o r more a t t e n u a t e d and d e l a y e d v e r s i o n s o f t h e same r a d i a t e d s i g n a l a r e r e c e i v e d a t a s i n g l e s e n s o r ( o r a beamformed a r r a y o f s e n s o r s ) , i s a f r e q u e n t occurrence i n ocean acoustics [ l , p.?;] and i n o t h e r f i e l d s where a s i g n a l and i t s echo" are p r e s e n t .
I n ocean a c o u s t i c s t h e t i m e o f a r r i v a l d i f f e r e n c e b e t w e e n t h e v a r i o u s m u l t i p a t h a r r i v a l s c a n p r o v i d e s o u r c e l o c a l i z a t i o n i n f o r m a t i o n
i f an acoustic propagation model i s a v a i l a b l e ; conversely, the time differences can be used to e s t i m a t e t h e p r o p a g a t i o n s t r u c t u r e i f the source a n d r e c e i v e r l o c a t i o n s a r e known [2] . Thus, m u l t i p a t h t i m e d e l a y e s t i m a t i o n i s a p r o b l e m o f p r a c t i c a l c o n c e r n .
We a r e i n t e r e s t e d h e r e o n l y i n random s i g n a l s ( n o t p u l s e -l i k e s i g n a l s o f known o r unknown waveshape). As one a p p l i c a t i o n we note that the broadband component o f r a d i a t e d s h i p n o i s e i s w e l l modeled as a random process [3, p. 3281. I f s u c h m u l t i p a t h a r r i v a l s a r e r e c e i v e d on a s i n g l e s e n s o r ( o r a beamformed array of sensors) one s t r a i g h t f o r w a r d way t o e s t i m a t e t h e t i m e d e l a y s i s t o a u t o c o r r e l a t e t h e o u t p u t s i g n a l w i t h i t s e l f .
The r e s u l t i n g c o r r e l o g r a m w i l l have peaks corresponding t o t h e v a r i o u s d e l a y d i f f e r e n c e s ; i f t h e s e p e a k s a r e r e s o l v a b l e , t h e i r locations can be used as e s t i m a t e s o f t h e t i m e delays. The general question of the fundamental p e r f o r m a n c e l i m i t s f o r e s t i m a t i n g a s i n g l e , r e s o l v a b l e t i m e d e l a y was examined i n [4], where the performance of a maximum l i k e l i h o o d e s t i m a t o r (MLE) and t h e a u t o c o r r e l a t o r w e r e compared w i t h t h e a p p r o p r i a t e Cramer-Rao Lower Bound (CRLB) and l a r g e e r r o r p r o b a b i l i t y r es u l t s .
The m u l t i p a t h peaks on t h e a u t o c o r r e l o g r a m a r e r e s o l v a b l e as l o n g as t h e t i m e d e l a y d i fferences are much g r e a t e r t h a n t h e w i d t h o f t h e s i g n a l c o r r e l a t i o n f u n c t i o n ( o r a n i n v e r s e signal bandwidth).
When t h e d e l a y s a r e c l o s e r t h a n t h i s , t h e peaks merge, and t h e d e l a y s a r e s a i d t o be n o n -r e s o l v a b l e . T h i s s i t u a t i o n i s e n t i r e l y analogous t o t h a t o f e s t i m a t i n g t h e f r e q u e n c i e s o f t w o s i n u s o i d s i n noise. I f t h e frequency separation i s l e s s t h a n an inverse r e c o r d l e n g t h t h e n t h e f r e q u e n c i e s a r e n o t resolvable by Fourier methods.
As i s we1 1 known, however, t h i s i s n o t a fundamental l i m i t a t i o n on r e s o l u t i o n c a p a b i l i t y s i n c e t h e fundamental l i m i t must depend on s i g n a l t o n o i s e r a t i o (SNR) as w e l l as r e c o r d l e n g t h [5, 6] . The optimum processor f o r s i n u s o i d s i n white noise performs a l e a s t s q u a r e s s e a r c h o v e r a l l o s s i b l e f r e q u e n c i e s , a m p l i t u d e s a n d phases [77. I f t h e number o f p o s s i b l e f r equencies i s l a r g e t h i s n o n -l i n e a r l e a s t s q u a r e s search becomes p r o h i b i t i v e l y t i m e consuming and o t h e r so called high resolution methods, which minimize the computational effort, have been sought [7] .
One such method, c a l l e d M o d i f i e d Forward Backward Linear Prediction (MFBLP) ( T u f t s and Kumaresen, [ 8 ] ) , a p p e a r s e s p e c i a l l y promising since i t has been shown t o work well down t o n e a r l y t h e t h r e s h o l d SNR (below which a l l methods f a i l ) .
As s t a t e d a b o v e , t h e m u l t i p a t h r e s o l u t i o n problem i s analogous t o t h e f r e q u e n c y r e s o l ut i o n p r o b l e m w i t h t h e b a n d w i d t h p l a y i n g t h e p a r t o f t h e r e c o r d l e n g t h
and t h e d e l a y d i ff e r e n c e s p l a y i n g t h e p a r t o f t h e f r e q u e n c y d i f f e r e n c e s .
As i n t h e f r e q u e n c y e s t i m a t i o n problem the optimum processor performs a n o n -l i n e a r l e a s t s q u a r e s s e a r c h o v e r a l l possible time delays. With a l a r g e number o f possible time delays this search can become p r o h i b i t i v e l y t i m e consuming, t h u s a l t e r n a t i v e h i g h r e s o l u t i o n t e c h n i q u e s a r e d e s i r a b l e . We 12.4.1 U.S. Government work not protected by US. copyright.
w i l l show b e l o w t h a t MFBLP can be used f o r t h i s problem.
The r e s o l u t i o n o f d e t e r m i n i s t i c p u l s e s h a s r e c e i v e d c o n s i d e r a b l e a t t e n t i o n [ S I , b u t t h e r e s o l u t i o n o f random m u l t i p a t h s i g n a l s h a s n o t . Hou and Wu [ l o ] appear t o b e t h e o n l y a u t h o r s t o
have previously suggested techniques for high r e s o l u t i o n m u l t i p a t h d e l a y e s t i m a t i o n w i t h random s i g n a l s .
They suggest a method by which autoregressive techniques can be used t o o b t a i n h i g h r e s o l u t i o n t i m e d e l a y e s t i m a t e s . E s s e n t i a l l y , t h e y o b s e r v e t h a t s i n c e t h e r e c e i v e d s p e c t r u m o f a m u l t i p a t h s i g n a l ( w i t h o u t n o i s e ) i s j u s t t h e signal spectrum times a sum o f c o s i n e s ( w i t h p e r i o d s e q u a l t o t h e t i m e d e l a y s and t h e i r d i ff e r e n c e s ) t h e n , w i t h known signal spectrum, the sequence o f spectrum estimates i n frequency can be regarded as a t i m e s e r i e s and known h i g h r e s ol u t i o n t i m e s e r i e s a l g o r i t h m s c a n b e u s
e d t o o b t a i n h i g h r e s o l u t i o n e s t i m a t e s o f t h e m u l t i p a t h time delays.
We use t h i s i d e a i n e m p l o y i n g t h e MFBLP technique mentioned above except we operate d i r e c t l y on power spectral estimates unlike Hou and Wu who s u g g e s t o p e r a t i n g o n t h e r e a l p a r t o f a n e s t i m a t e d t r a n s f e r f u n c t i o n . We a l s o p r o v i d e here detailed analyses of optimum performance which Hou and W u do not.
MODEL DESCRIPTION: THE RESOLUTION PROBLEM As t y p i c a l examples we w i l l c o n s i d e r b o t h a two path
and a three path model. For the two p a t h model t h e r e c e i v e d s i g n a l , r ( t ) , i s g i v e n b y
Where s ( t ) and n ( t ) a r e u n c o r r e l a t e d G a u s s i a n processes, a i s a frequency independent attenuat i o n c o -e f F i c i e n t , Do i s t h e m u l t i p a t h t i m e delay. T i s t h e o b s e r v a t i o n r e c o r d l e n g t h .
F o r a l l s p e c i f i c r e s u l t s we w i l l assume t h a t b o t h s ( t ) and n ( t ) have f l a t s p e c t r a i n t h e band 
where S ( f ) a n d N ( f ) a r e t h e s i g n a l and n o i s e s p e c t r a .
W i t h S ( f ) a n d N ( f ) f l a t , S r ( f ) i s composed o f a mean v a l u e p l u s a cosine term 
CRAMER-RAO LOWER BOUNDS Two path problem We w i s h h e r e t o f i n d t h e CRLB on the e s t i m a t e o f Do. R e a l i s t i c a l l y , t h e r e a r e t h r e e o t h e r p a r a m e t e r s t h a t we d o n o t know: t h e amplitude, a ; t h e s i g n a l s p e c t r a l d e n s i t y , S and t h e n o i s e s p e c t r a l d e n s i t y , N . ?A i n c o r p o r a t e t h i s 1 ack o f knowledge $e w i l l assume t h a t g , So and No a r e f i x e d , b u t unknown and w i l l estimate them a l o n g w i t h Do. T h i s i s formally accomplished by evaluating the Fisher I n f o r m a t i o n M a t r i x
[ll, p.79; 61. We f i r s t assume t h a t Do o n l y i s unknown; t h e n t h a t D and a a r e unknown; t h e n t h a t D , a , S and No s i m u l a t i o n r e s u l t s a n d w i l l be discussed later. ) For l a r g e v a l u e s c f BD t h e CRLB l e v e l s o f f t o t h e value found i n q 4 ] f o r a s i n g l e h i g h l y resolvable path.
As BDo decreases f o r R f i x e d t h e CRLB o s c i l l a t e s a b o u t t h e l a r g e BO value u n t i l a p p r o x i m a t e l y BDo = 1 / 4 a t w h i c h p 8 i n t it r i s e s r a p i d l y .
S e v e r a l g e n e r a l p r o p e r t i e s o f t h e CRLB can b e e s t a b l i s h e d . F i r s t we p o i n t o u t t h a t f o r a l l cases examined the CRLB can be normalized as i t i s here. For
Do o n l y unknown and small WDo = 2nBDo (2). The mean s q u a r e e r r o r a g r e e s w e l l w i t h t h e CRLB f o r BD >1. For smaller values of BD , t h e estimatss were strongly biased. 'Again, unbiased estimates can be obtained with s u f f i c i e n t l y l a r g e BT.
The s i m u l a t i o n does p o i n t o u t t h e p r a c t i c a l d i f f i c u l t y i n o b t a i n i n g umbiased estimates of
CRLBs on unbiased estimation.
The MFBLP technique has been shown t o work q u i t e w e l l f o r t h e examples considered, i n which we have assumed t h e number o f o a t h s a r e known and t h a t t h e s i a n a l Reidel .
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